In this paper we present some inequalities for the order, the exponent and the number of generators of the c-nilpotent multiplier (the Baer invariant with respect to the variety of nilpotent groups of class at most c ≥ 1) of a finite group and specially of a finite p-group. Our results generalize some previous related results of M.R. Jones and M.R.R. Moghaddam. Also, we show that our results improve some of the previous inequalities.
Introduction and Motivation
Let G be a group with a presentation F/R, where F is a free group. Then the Baer invariant of G with respect to the variety V, denoted by VM (G), is defined to be
where V (F ) is the verbal subgroup of F and [RV * F ] = v(f 1 , ..., f i−1 , f i r, f i+1 , ..., f n )v(f 1 , ..., f i , ..., f n ) −1 | r ∈ R, f i ∈ F, v ∈ V, 1 ≤ i ≤ n, n ∈ N .
One can see that the Bear invariant of a group G is always abelian and independent of the choice of the presentation of G. In particular, if V is the variety of abelian groups, A, then the Baer invariant of the group G will be
which is isomorphic to the Schur multiplier of G , denoted by M (G). Also, if V is the variety of nilpotent groups of class at most c ≥ 1, N c , then the Baer invariant of the group G will be
We also call it the c-nilpotent multiplier of G, and denote it by M (c) (G) (see [8, 10] for further details).
Definition 1.
A variety V is said to be a Schur-Baer variety if for any group G for which the marginal factor group G/V * (G) is finite, then the verbal subgroup V (G) is also finite and |V (G)| divides a power of |G/V * (G)|. Schur [8] proved that the variety of abelian groups, A, is a Schur-Baer variety. Also, Baer [1] proved that if u and v have Schur-Baer property, then the variety defined by the word [u, v] has the above property.
The following theorem gives a very important property of Schur-Baer varieties.
Theorem 2. ([10]) The following conditions on the variety V are equivalent: (i) V is a Schur-Baer variety. (ii) For every finite group G, its Baer invariant, VM (G), is of order dividing a power of |G|.

Definition 3. ([4])
The basic commutators on letters x 1 , x 2 , ..., x n , ... are defined as follows: (i) The letters x 1 , x 2 , ..., x n , ... are basic commutators of weight one, ordered by setting x i < x j if i < j. 
Then we will continue the order by setting c ≥ c i , whenever w(c) ≥ w(c i ), fixing any order among those of weight k, and finally numbering them in order. [4] ) Let F be the free group on {x 1 , x 2 , ..., x d }, then for all 1 ≤ i ≤ n, γ n (F ) γ n+i (F ) is the free abelian group freely generated by the basic commutators of weights n, n + 1, ..., n + i − 1 on the letters {x 1 , x 2 , ..., x d }. [4] ) The number of basic commutators of weight n on d generators is given by the following formula,
Theorem 4. (P. Hall
Theorem 5. (Witt formula
where µ(m) is the Mobious function, which defined to be
where the p i are distinct prime numbers.
M.R. Jones in a series of three papers [5, 6, 7] studied on the order, the exponent and the number of generators of the Schur multiplier of finite groups, specially finite p-groups and presented some interesting inequalities about them. Also M.R.R. Moghaddam [13, 14] generalized some of his results. The following are some of them which we deal with in this article. [5] ) Let G be a p-group of order p n with center of exponent [6] ) Let G be a finite group and K any normal
Theorem 6. (M.R. Jones
p k . Then |G ′ ||M (G)| is no more than p 1 2 (n−k)(n+k−1) . In particular |G ′ ||M (G)| ≤ p 1 2 n(n−1) .
Theorem 7. (M.R. Jones
In 1981 M.R.R. Moghaddam [13, 14] gave varietal generalizations of Theorem 7 and corollary 8. He presented the following theorem without the condition of being Schur-Baer on the variety. But this condition seems to be necessary, because VM (G) is finite if and only if variety V is a Schur-Baer variety. [13, 14] ) Let V be the variety of polynilpotent groups of a given class row. Let G be a finite d-generator group of order p n . Then
The following theorem is useful in our investigation.
Theorem 11. (B. Mashayekhy and M.R.R. Moghaddam [11]) Let
A useful corollary can be obtained by using Corollary 10 and Theorem 11.
Corollary 12. Let G be a finite d-generator p-group of order p n , then
The next theorem gives some upper bounds in terms of normal subgroups and factor groups. [6] ) Let G be a finite group and K be a central subgroup of
Theorem 13. (M.R. Jones
The following theorem is a generalization of the above theorem, for which the condition of Schur-Baer variety seems to be necessary too. [13] ) Let V be a Schur-Baer variety and G be a finite group with a marginal subgroup K. Let G = F/R be a free presentation for G and
Theorem 14. (M.R.R. Moghaddam
K = S/R. Set H = G/K ∼ = F/S. Then (i) |VM (G)||V (G) ∩ K| = |VM (H)||[SV * F ]/[RV * F ]|; (ii) exp(VM (G)) divides exp(VM (H))exp([SV * F ]/[RV * F ]); (iii) d(VM (G)) ≤ d(VM (H)) + d([SV * F ]/[RV * F ]).
Theorem 15. (M.R. Jones [6]) Let G be a finite nilpotent group of class c and let
The above theorem has an interesting corollary for which we need the following definition.
Definition 16. Let X be any group. We say that X has a special rank r(X) if every subgroup of X may be generated by r(X) elements and there is at least one subgroup of X that cannot be generated by fewer than r(X) elements. It is easy to see that r(X) = d(X) for every abelian group X. Also if N is a normal subgroup of X then r(X) ≤ r(X/N ) + r(N ).
Corollary 17. If G is a finite p-group of class c and special rank r then
Corollary 18. If G is a finite p-group of class c and exponent
p e , then exp(M (G)) ≤ p ec .
M. R. Jones in 1974 gave an improvement of Theorem 15 as follows.
Theorem 19. (M.R. Jones [7] ) Let G be a finite nilpotent group of class
Corollary 20. Let G be a finite p-group of class c ≥ 2 and exponent p e . Then
G. Ellis [3] , S. Kayvanfar and M.A. Sanati [9] generalized the result of M.R. Jones for the exponent of the Schur multiplier of G (Corollary 20). A result of G. Ellis [3] shows that if G is a p-group of class k ≥ 2 and exponent p e , then exp(
. Clearly the recent bound sharpens the bound obtained in 20. S. Kayvanfar and M.A. Sanati [9] proved that exp(M (G)) ≤ exp(G) when G is a finite p-group of class 3, 4 or 5 and exp(G) satisfies in some conditions. Now, in this paper we are going to concentrate on the Jones results and trying to generalize some of them. We will give some upper bounds for the order, the exponent and the number of generators of the nilpotent multiplier of a finite group, specially of a finite p-group and compare some of them with previous results. We use the notation ⊗ c+1 (B, A) for the tensor product B ⊗ A ⊗ ... ⊗ A involving c copies of A, where A and B are arbitrary groups. The main results of this article are as follows
The following theorem is a generalization of Theorem 6.
The next theorem extends Theorem 15 and has several interesting corollaries.
Theorem B. Let G be a finite nilpotent group of class t ≥ 1 and let
The following theorem generalizes Theorem 19 and gives some bounds in terms of the lower central series.
Theorem C. Let G be a finite nilpotent group of class t ≥ 2. Let
Proofs of Main Results
In order to prove main results we need the following lemmas.
Lemma 21. Let G be a group, then for any positive integer i and any
Proof. We use induction on i.
Lemma 22. Let F/R be a presentation of G as a factor group of a free group F . Let B = S/R be a normal subgroup of G, so that A = G/B ∼ = F/S. Then there exists the following epimorphism
Proof. Define
i=2 γ c+1 (S, F ) i , where s ∈ S and f i ∈ F for all i = 1, 2, ..., c. The usual commutator calculations and Lemma 21 show that θ is well defined. Also for any s 1 , s 2 ∈ S and f 1 , ..., f c , f
Then θ is a multilinear map. Therefore the universal property of the tensor product completes the proof. Now we are ready to prove Theorem A.
Proof of Theorem A.
Let F/R be a free presentation of G with B = S/R, so that A = G/B = F/S. Then
On the other hand by corollary 12 we have
Now it is enough to show that
c−1 . We use the following notation for all 1 ≤ j ≤ c − 1
where
. Therefore by lemma 22 we have the following epimorphism
Also by an argument similar to the proof of lemma 22 one can deduce the following epimorphism
,
The following example compares the above bound and the upper bound of Corollary 12 .
But using Theorem A we have
It is easy to see that k 3 + 3k 2 − k > 3tk. Therefore the previous bound in Corollary 12 is larger than the bound of Theorem A for all finite abelian pgroups but elementary abelian p-groups.
Now the following theorem is needed to prove Theorem B.
Theorem 24. Let G be a finite nilpotent group of class t ≥ 2 , let
Proof. With the previous notation, we have (i)
(ii)The proof is similar to (i).
Proof of Theorem B.
Using the notation of lemma 22, put B = (γ k+1 (F )R)/R and A = G/γ k+1 (G) = Q k+1 , then we have the following epimorphism
.
On the other hand
is an epimorphism. Now the results follows by theorem 24.
The following example shows that the above bound for the order of cnilpotent multiplier of a finite p-group is sometimes smaller than the bound which is obtained in corollary 12.
Example 25. If G is an extra special p-group of order p 3 then G is a nilpotent group of class 2. By Theorem B(i) we have
But Corollary 12 implies that,
Corollary 26. If G is a finite d-generator p-group of special rank r and nilpotency class
Hence the required assertion follows by Theorem B for t ≥ 1.
Note that the inequality in corollary 26 is attained for all elementary abelian p-groups. Now as a final application of Theorem B we have the following result.
Corollary 27. Further to the notation and assumptions of Theorem B, let
. Also, by the properties of tensor products, we have [15] we have
On the other hand Corollary 27 implies that,
The following theorem helps us to proof Theorem C.
Theorem 29. Let G be a finite nilpotent group of class t ≥ 2 and let G = F/R be a free presentation for G.
Proof.
Case Two: If c + 1 > t, then we have
Hence the result follows as for case one.
(ii),(iii) Since
and
we have
On the other hand by Lemma 21, ((γ c+1 (F ) ∩ R)γ t (F ))/[R, c F ] is an abelian group, therefore
This completes the proof.
Proof of Theorem C
Let F/R be a free presentation for G with Z j = Y j /R for 1 ≤ j ≤ t. Then we have γ t (G) = γ t (F )R/R and G/Z j ∼ = F/Y j for 1 ≤ j ≤ t. Define θ : 
